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Weber
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⎪⎪⎪⎪⎪⎪⎪⎪⎩
6(We− 12)−0.25 % 12 ≤We ≤ 18,
2.45(We− 12)0.25 % 18 ≤We ≤ 45,
14.1(We− 12)−0.25 % 45 ≤We ≤ 351,
0.766(We− 12)0.25 % 351 ≤We ≤ 2670,
5.5 % 2670 ≤We.
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dmf(d)dd∫ +∞
0
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gs(s,v
, s) :=
⎧⎨
⎩
α
8π
exp
(
− γ
2
4π
s
)
% s < s ,
0 % s > s ,
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(s)3/2 =
∫ s
0
s3/2gs(s,v
, s)ds =
αI(γ, s)
γ5
,
I(γ, s) := −γ
√
s√
4π
exp
(
− γ
2
4π
s
)(
3
4
− γ
2s
8π
)
+
3
√
π
8
erf
(
γ
√
s
4π
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d32 =
γ4s3/2
4π3/2αJ(γ, s)
,
J(γ, s) =
1
2
(
1− exp
(
−γ
2s
4π
)(
1 +
γ2s
4π
))
,
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erf(x) =
2√
π
∫ x
0
exp(−t2)dt < 1 . .1QQ/
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γ =
3
√
π
2d32
, α =
γ5s3/2
(4π)3/2I(γ, s)
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d32
√
4π√
s
=
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
0.32(We)−1/3
(
4.1
(We − 12)1/4
)2/3
% We ∈]12, 18],
0.32(We)−1/3
(
2.45
√
We − 12− 1.9
(We − 12)1/4
)2/3
% We ∈]18, 45]
0.32(We)−1/3
(
12.2
(We − 12)1/4
)2/3
% We ∈]45,+∞].
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√
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H(s,v, s,v) =
H(s,v, s,v)∫
v
H(s,v, s,v)dv
∫
v
H(s,v, s,v)dv = gv(s,v, s,v)gs(s, s,v) .
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∫
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∫
R+
∫
Rd
sKθLvlvmvnf(x, t;v, s, θ)dv dθ ds , .K/

 	
 	   	!    #/-%    
 	   	
 		 	
 	 
  	 
	 
	
 #
 C% H"  	
 

	 k   
	 Ik  
	 l,m, n   
	 
 vl" vm  vn
   
 R
(	 K  	 
 % 	  % 	 %  
 k  	  
A
 	 	   %   
   % % (Ns + 1) (	

#   % 

"J .KQ/  	 
  sK 
 #
 % sk  sk+1 %  
Ik (k = 1, . . . , Ns + 1)! (		  

∂
∂t
(MK,L,Mk;lmn ) +
∂
∂xi
(MK,L,M+1k;lmni )
+
sk+1∫
sk
∫
R+
∫
Rd
sKθLvlvmvn
∂
∂vi
{(
Ugi − vi
St(v, s)
+
1
Fr
eg · ei
)
f
}
dvdθds
−
sk+1∫
sk
∫
R+
∫
Rd
sK
∂
∂s
(
Ev(v, s, θ)θLvlvmvnf
)
dvdθds
− L
sk+1∫
sk
∫
R+
∫
Rd
sKθL−1He(v, s, θ)vlvmvnfdvdθds
=
sk+1∫
sk
∫
R+
∫
Rd
sKθLvlvmvn (Γ +Q) dvdθds .
.KR/
0	 J .KR/ 	 ,  J .K/  ( 

   %  (		
 % 
 # 

   
    F! ./  $ K11
	  
!   ./  ./ 	  	 B % 	 %(# 
#!  %
$ %!   #  MK,L,Mk;lmn 
 	 
# 
  
J .KR/ 	  

 	 - % 	   # ,
 
	 A % 	 &D 
   	%!  	 ! 	 A
&D  

 #	 (	 	  % 
  	 ( 	 
	   J 
  #	 	   % 	 S9$6
%
 . $ KK 
 )	 Q/

 . - 	 	     Ns 	  C  ?
  	
     
 ,8'  
 '- " !	
C 	 
 % 	 (, 	 &D  A
  
f(x, t;v, s, θ) ≈ f˜(x, t;v, s, θ)
=
Ns+1∑
k=1
1sk≤s<sk+1 exp (−bk(x, t)s) δ (θ −Θk(x, t))
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θ¯(x, t; s) :=
∫
R3
∫
R+
θf(x, t;v, s, θ) dθ dv∫
R3
∫
R+
f(x, t;v, s, θ) dθ dv
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 	  
  
 	 	 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∫
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∫
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∫
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∫
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β∑
α=1
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k (Un)
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k ] (x, t)
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sk
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gIk(bk) : =
∫
Ik
∫
R+
∫
Rd
s3/2f˜dvdθds∫
Ik
∫
R+
∫
Rd
f˜dvdθds
=
∫
Ik
∫
R+
∫
Rd
s3/2 exp(−bks)dvdθds∫
Ik
∫
R+
∫
Rd
exp(−bks)dvdθds =:
M˜
3/2,0,0
k
M˜0,0,0k
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lim
bk→−∞
gIk(bk) = (sk+1)
3/2
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 lim
bk→+∞
gIk(bk) = (sk)
3/2 . .K1/
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(
s
3/2
k − s3/2k+1e−bkΔs +
3
2bk
(
√
sk −√sk+1e−bkΔs)
+
3e−bksk
2bk
∫ √sk+1
√
sk
e−bkr
2
dr
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=
M
3/2,0,0
k
M0,0,0k
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1/
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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(sk)
3/2 + εmaxk
!≤ gIk(bk)
!≤ (sk+1)3/2 − εmink , .K1/
(	
εmaxk = gIk(bmax)− (sk)3/2 
 εmink = (sk+1)3/2 − gIk(bmin) . .KP2/
C  gIk   (	 	  [(sk)
3/2 + εmaxk , (sk+1)
3/2 − εmink ]   (	
[(sk)
3/2, (sk+1)
3/2]! bk   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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 A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 M
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M
3/2,0,0
k = gIk(bmax)M
0,0,0
k  M
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k = gIk(bmin)M
0,0,0
k .K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   	 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V+d =
{
M
3/2,0,0
k ,M
3/2,1,0
k ,M
3/2,0,1
k;l ,M
3/2,0,2
k;lm ,M
3/2,0,3
k;lmn
}
,
(	 l,m, n = 1, . . . , d , l ≤ m ≤ n ,
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[
∫ sk+1
sk
sK exp (−bk(x, t)s) ds]  (   % 0 ≤ sk < sk+1 
 K ≥ 0! 	 	
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M¯K,L,Mk;lmn (x, t) : =
MK,L,Mk;lmn (x, t)
sk+1∫
sk
sK exp (−bk(x, t)s) ds
= ΘLk (x, t)
β∑
α=1
nαk (x, t) [(Ul)
α
k (Um)
α
k (Un)
α
k ] (x, t)
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PP/
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
 
W+β = [Θk, (nαk ,Uαk )], (	 α = 1, . . . , β, k = 1, . . . , Ns + 1 .KPK/
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
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V¯+d =
{
M¯
3/2,0,0
k , M¯
3/2,1,0
k , M¯
3/2,0,1
k;l , M¯
3/2,0,2
k;lm , M¯
3/2,0,3
k;lmn
}
,
(	 l,m, n = 1, . . . , d, l ≤ m ≤ n, k = 1, . . . , Ns + 1 .
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Θk =
M¯
3/2,1,0
k
M¯
3/2,0,0
k
. .KP/
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  
W†β = [(nαk ,Uαk )], (	 α = 1, . . . , β 
 k = 1, . . . , Ns + 1 .KPR/
 
   

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 	  % 
-
 
V¯†d =
{
M¯
3/2,0,0
k , M¯
3/2,0,1
k;l , M¯
3/2,0,2
k;lm , M¯
3/2,0,3
k;lmn
}
,
(	 l,m, n = 1, . . . , d , l ≤ m ≤ n 
 k = 1, . . . , Ns + 1 .
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! 	  ( 	   V¯†1 
 	
  W†2  

  .  .KPP//
M¯
3/2,0,0
k = n
1
k + n
2
k, M¯
3/2,0,1
k = n
1
kU
1
k + n
2
kU
2
k ,
M¯
3/2,0,2
k = n
1
k(U
1
k )
2 + n2k(U
2
k )
2, M¯
3/2,0,3
k = n
1
k(U
1
k )
3 + n2k(U
2
k )
3 .
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P/
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  	   V¯†1  	 #		
 
 % .KP/  
	 J 
 	 A % % 	 # V¯†1 → W†2  	 B %
	 %(# 


 : $ V¯†1   	  

	  	
V¯†1 =
[
M¯
3/2,0,0
k , M¯
3/2,0,1
k , M¯
3/2,0,2
k , M¯
3/2,0,3
k
]
.KK2/
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    
	 
(i) M¯
3/2,0,0
k > 0, (ii) M¯
3/2,0,0
k M¯
3/2,0,2
k 
(
M¯
3/2,0,1
k
)2
. .KK/
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 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 W†2 
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 			  	  %'*-& 	 	 	  
n1k = (
1
2
+ xk)M¯
3/2,0,0
k , n
2
k = (
1
2
− xk)M¯3/2,0,0k ,
U1k = U
p
k −
(
n2k
n1k
)1/2
σpk , U
2
k = U
p
k +
(
n1k
n2k
)1/2
σpk ,
xk =
qpk/2
((qpk)
2 + 4(σpk)
6)1/2
.
.KK1/
 	 Upk  σ
p
k  q
p
k   
Upk =
M¯
3/2,0,1
k
M¯
3/2,0,0
k
, σpk =
⎛
⎜⎝M¯3/2,0,0k M¯3/2,0,2k −
(
M¯
3/2,0,1
k
)2
(
M¯
3/2,0,0
k
)2
⎞
⎟⎠
1/2
,
qpk =
1
M¯
3/2,0,0
k
(
M¯
3/2,0,3
k − M¯3/2,0,0k (Upk )3 − 3M¯3/2,0,0k (σpk)2Upk
)
.
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 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 (σpk)
2
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W†4 = [(nα,Uα)] , (	 α = 1, . . . , 4 .KKK/

 	    	 	

    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V¯†2 =
[
M¯0, M¯1x, M¯
1
y, M¯
2
xx, M¯
2
yy, M¯
2
xy, M¯
3
xxx, M¯
3
yyy, M¯
3
yxx, M¯
3
yyx
]
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Up :=
[
M¯1x/M¯
0
M¯1y/M¯
0
]
, .KK/

 	   A
σU = [σ¯ij ]
:=
1
M0
sk+1∫
sk
s3/2
∫
R+
∫
R2
(v −Up)⊗ (v −Up)f(x, t;v, s, θ)dvdsdθ
=
[
M¯2xx/M¯
0 − (Upx)2 M¯2xy/M¯0 − UpxUpy
M¯2yx/M¯
0 − UpyUpx M¯2yy/M¯0 − (Upy )2
]
.
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% D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X =
[
X1
X2
]
:= A−1(v −Up) , .KK/
(	
v = AX + Up . .KK/
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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 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 DA UQV 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, 
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 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 A
σU ! 
σU = L
L, (	 L =
⎡
⎣σ¯1/2xx σ¯xy/σ¯1/2xx
0 σ¯
1/2
yy
⎤
⎦ , .KQ2/
R  	
     

 
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
σX =
[
1 0
0 1
]
. .KQ/
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 
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
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
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W◦4 = [(n◦α,Xα)] , (	 α = 1, . . . , 4 .KQ1/
 %
  	  %  X
m¯Mijk :=
1
M0
sk+1∫
sk
s3/2
∫
R+
∫
R2
XiXjXkf
◦(x, t;X, s, θ)dXdsdθ,
(	 M ∈ (0, 1, 2, 3) ,
.KQP/
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 
m¯0 = 1, m¯1i = 0, m¯
2
ii = 1, m¯
2
12 = 0,
m¯3ijk = hijk(A,U
p, M¯3xxx/M¯
0, M¯3yyy/M¯
0, M¯3yxx/M¯
0, M¯3yyx/M¯
0) .
.KQK/
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 hijk 
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!  #! 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! 	 2  % 
V◦2 =
(
m¯0, m¯11, m¯
1
2, m¯
2
11, m¯
2
12, m¯
2
22, m¯
3
111, m¯
3
222, m¯
3
112, m¯
3
122
)
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#	 % 	 1 J
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   W◦4 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 J
  (n◦(i)1, X(i)1) 
 (n
◦
(i)2, X(i)2) % 	

 ei! (i = 1, 2) % 	 (  X  

 	   

 
- 	 (
 %
 &D 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
f˜ ◦(X, s, θ) =δ(θ −Θk) exp(−bks)[
n◦1δ(X1 −X(1)1)δ(X2 −X(2)1) + n◦2δ(X1 −X(1)1)δ(X2 −X(2)2)
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E3/2,0,0(k, k) + E3/2,0,0(k))+ E3/2,0,0(k, k + 1) ,
d
dt
(M
3/2,1,0
k ) = −
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∂
∂t
(M0,0,0k ) = 0 ,
∂
∂t
(M
3/2,0,0
k ) = 0 ,
∂
∂t
(M
3/2,1,0
k ) = Rk ,
∂
∂t
(M
3/2,0,1
k;l ) =
1
Fr
eg · elM3/2,0,0k + D1k;l ,
∂
∂t
(M
3/2,0,2
k;lm ) = +
1
Fr
(
eg · elM3/2,0,1k;m + eg · emM3/2,0,1k;l
)
+ D2k;lm ,
∂
∂t
(M
3/2,0,3
k;lmn ) = +
1
Fr
(
eg · elM3/2,0,2k;mn + eg · emM3/2,0,2k;ln + eg · enM3/2,0,2k;lm
)
+ D3k;lmn ,
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K/
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.KP/4,5,6/
Rk =
sk+1∫
sk
s3/2 exp(−bks)
4∑
α=1
nαkHe(U
α
k , s,Θk)ds ,
D1k;l =
sk+1∫
sk
s1/2
St(1)
exp(−bks)ds
4∑
α=1
nαk [Ugl − (Uαk )l] ,
D2k;lm =
sk+1∫
sk
s1/2
St(1)
exp(−bks)ds
4∑
α=1
nαk (U
α
k )j [Ugi − (Uαk )i] (δilδjm + δimδjl) ,
D3k;lmn =
sk+1∫
sk
s1/2
St(1)
exp(−bks)ds
×
4∑
α=1
nαk (U
α
k )s(U
α
k )t [Ugr − (Uαk )r] (δrlδsnδtm + δrmδslδtn + δrnδsmδtl) .
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Q/
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 	 M0,0,0k 
 M
3/2,0,0
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 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 % 	 A &D 	 J .QQ/2,3,4 
 %
 

D1k;l =
sk+1∫
sk
s1/2
St(1)
exp(−bks)ds
(
M¯0kUgl − M¯1k;l
)
,
D2k;lm =
sk+1∫
sk
s1/2
St(1)
exp(−bks)ds
(
M¯1k;jUgi − M¯2k;ij
)
(δilδjm + δimδjl) ,
D3k;lmn =
sk+1∫
sk
s1/2
St(1)
exp(−bks)ds
(
M¯2k;stUgr − M¯3k;str
)
(δrlδsnδtm + δrmδslδtn + δrnδsmδtl) ,
.Q/
(	 	 
-
 ! M¯Mk;lmn!  
-
  .  .KPP//
M¯Mk;lmn =
MMk;lmn∫ sk+1
sk
s3/2 exp(−bks)ds
. .QR/
	  
  	 %	
 
 % .QK/   %
 
∂
∂t
(MMk;lmn) =
∫ sk+1
sk
s3/2 exp(−bks)ds
∂M¯Mk;lmn
∂t
.Q/
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 	 A  bk 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! 	 J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 .Q/  
∂
∂t
(M¯1k;l) =
1
Fr
eg · elM¯0k + D¯1k;l ,
∂
∂t
(M¯2k;lm) =
1
Fr
(
eg · elM¯1k;m + eg · emM¯1k;l
)
+ D¯2k;lm ,
∂
∂t
(M¯3k;lmn) =
1
Fr
(
eg · elM¯2k;mn + eg · emM¯2k;ln + eg · enM¯2k;lm
)
+ D¯3k;lmn ,
.Q/

$ 	 
	   M3/2,0,Mk;lmn 	 	  M
M
k;lmn
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D¯1k;l =
1
S¯tk
(
M¯0kUgl − M¯1k;l
)
,
D¯2k;lm =
1
S¯tk
(
M¯1k;jUgi − M¯2k;ij
)
(δilδjm + δimδjl) ,
D¯3k;lmn =
1
S¯tk
(
M¯2k;stUgr − M¯3k;str
)
(δrlδsnδtm + δrmδslδtn + δrnδsmδtl) ,
.QR2/
(	
1
S¯tk
:=
1
St(1)
∫ sk+1
sk
s1/2 exp(−bks)ds∫ sk+1
sk
s3/2 exp(−bks)ds
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  	 J! % 	 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 
 
"J .Q/1   
    M¯
0
k   	##  	 %
  	   	  [tn, t] 

M¯1k;l(t) = M¯
1
k;l(tn) exp
(
−t− tn
S¯t
)
+ M¯0k
(
Ugl +
S¯t
Fr
eg · el
) [
1− exp
(
−t− tn
S¯t
)]
. .QR1/
	    % J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
% M¯1k;l(t) 
 M¯
2
k;lm(t)  D 	 J   	 
 
%(
 	  	 #		
 
 % .Q/2,3   
   tn
F(!  	 (,!   %
   % 	  (Uαk )l := U
α
k;l 
 
#  	 - J  .Q/  	 
! 	  M¯1k;l 
 M¯
0
k  (
  % 	  W4! 
4∑
α=1
nαk (t)U
α
k;l(t) =
4∑
α=1
nαk (tn)U
α
k;l(tn) exp
(
−t− tn
S¯t
)
+
4∑
α=1
nαk (tn)
(
Ugl + eg · el S¯t
Fr
) [
1− exp
(
−t− tn
S¯t
)]
. .QRP/
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 d×β .d = 2/
J % 	  ! 
Uαk;l(t) = U
α
k;l(tn) exp
(
−t− tn
S¯t
)
+
(
Ugl + eg · el S¯t
Fr
) [
1− exp
(
−t− tn
S¯t
)]
. .QRK/
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∂
∂t
(f)− Ev(v, θ) ∂
∂s
(f) = 0  [tn, t]× [0, 1], .QRQ/
f(tn; s) = fne(s)  [0, 1], .QR/
∂f(x, t;v, s, θ)
∂s
∣∣∣∣
s=0
= 0  [tn, t]. .QRR/
	  v 
 θ  -A
  	 %  %  
 	% 	
 
 f(t; s) = fne(s+Ev(v, θ)(t−tn)) %  (tn; 0) ≤ (t; s) 	   
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	 #  % 	 
  	  % 	   %
J .QRQ/ .QRR/  	 
- %  #    tn+1 = tn+Δt .
.K//
MK,L,Mk;lmn (x, tn+1) =
∫
R+
∫
R2
sk+1∫
sk
sKθLvlvmvnfne(s + Ev(v, θ)Δt;x,v, θ)ds dv dθ . .QR/
*% 	 	# %  u = s + Ev(v, θ)Δt 
  #! 	 # 
 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   	
 	
 2Q
.QR/  %
 

MK,L,Mk;lmn (x, tn+1) =
∫
R+
∫
R2
sk+1+EvΔt∫
sk+EvΔt
uKθLvlvmvnfne(u;x,v, θ)du dvdθ
︸ ︷︷ ︸
.C/
+
∫
R+
∫
R2
sk+1+EvΔt∫
sk+EvΔt
(
(u− EvΔt)K − uK) θLvlvmvnfne(u;x,v, θ)du dv dθ
︸ ︷︷ ︸
.CC/
. .QR/
C# .C/   ( 
.C/ = MK,L,Mk;lmn (x, tn) +
∫
R+
∫
R2
sk+1+EvΔt∫
sk+1
uKθLvivjvkfne(u;x,v, θ)du dv dθ
−
∫
R+
∫
R2
sk+EvΔt∫
sk
uKθLvivjvkfne(u;x,v, θ)du dv dθ, .Q2/
(	 	 #  .Q2/  #
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  H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.CC/ =
∫
R+
∫
R2
sk+1∫
sk+EvΔt
(
(u− EvΔt)K − uK) θLvivjvkfne(u;x,v, θ)du dv dθ
+
∫
R+
∫
R2
sk+1+EvΔt∫
sk+1
(
(u− EvΔt)K − uK) θLvivjvkfne(u;x,v, θ)du dvdθ . .Q/
* Ev  

  v 
 θ! 	 
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.C/ = MK,L,Mk;lmn (x, tn) +
sk+2∫
sk+1
uK
∫
R+
∫
Rd
θLvivjvkfne(u;x,v, θ)1u≤sk+1+EvΔtdv dθ du
−
sk+1∫
sk
uK
∫
R+
∫
Rd
θLvivjvkfne(u;x,v, θ)1u≤sk+EvΔtdv dθ du .Q1/

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.CC/ =
sk+1∫
sk
∫
R+
∫
Rd
(
(u− EvΔt)K − uK) θLvivjvkfne(u;x,v, θ)1u≥sk+EvΔtdv dθ du
+
sk+2∫
sk+1
∫
R+
∫
Rd
(
(u− EvΔt)K − uK) θLvivjvkfne(u;x,v, θ)1u≤sk+1+EvΔtdv dθ du . .QP/
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